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1. Introduction
Let K = F2k be the ﬁnite ﬁeld with 2k elements. Let Tr denote the trace map from K to F2. For
a Boolean function f : K → F2, the Walsh transform (or Walsh–Hadamard transform) of f is the
function f W : K → Z deﬁned by
f W (a) =
∑
x∈K
(−1) f (x)+Tr(ax).
The Walsh spectrum of f is the set { f W (a): a ∈ K }. Bent functions are functions whose Walsh
spectrum is {±2 k2 }. The most famous examples of functions whose Walsh spectrum is 3-valued are
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Lahtonen, McGuire and Ward calculated f W (1) for Gold functions in [3]. Another important set of
functions are the Kasami–Welch functions f (x) = Tr(x4a−2a+1), which have the same spectrum under
the same hypotheses. Lahtonen, McGuire and Ward considered more general form of Kasami–Welch
functions, f (x) = Tr(xd), d = 2ta+12a+1 and showed f W (1) under certain conditions. In this paper we
generalize both of the previous results on Gold and Kasami–Welch functions. Lahtonen, McGuire and
Ward also calculated Q W (0) for Q (x) = Tr(x2a+1 + x2b+1) with some restrictions on a,b. In this paper
we will see that the Walsh spectrum of Q (x) is precisely {0,±Q W (0)} under those conditions. In
the last few results we have considered the degree of extension, k as even and introduce the form of
f W (1) for f (x) = Tr(x2a+1) and Q W (α) for Q (x) = Tr(x2a+1 + x2b+1), where α ∈ K with Tr(α) = 0.
The second and the most important result in this paper is actually a combination of some results
introduced by Fitzgerald in [1] which are extremely useful for computing the radicals and the invari-
ants of the quadratic form Q (x) = Tr(x2a+1 + x2b+1), where K is a ﬁnite extension of F2. The second
result shows that Q W (1) = 0 for any Q (x) with even number of trace terms when k, the degree of
extension is odd. Most of the other results are proved using these two results.
2. Preliminaries
Set K = F2k . Let
R(x) =
m∑
i=0
i x
2i ,
with i ∈ {0,1}. Our trace forms are the quadratic forms Q KR : K → F2 given by Q KR (x) = Tr(xR(x)).
The number of solutions to Q KR (x) = 0 is denoted by N(Q KR ). This is easily worked out (see [4, 6.26,
6.32]) in terms of the standard classiﬁcation of quadratic forms:
N
(
Q KR
)= 1
2
(
2k + Λ(Q KR )
√
2k+r(Q KR )
)
, (1)
where r(Q KR ) = dimrad(Q KR ) and
Λ
(
Q KR
)=
⎧⎪⎨
⎪⎩
0, if Q KR
∼= z2 +∑vi=1 xi yi,
1, if Q KR
∼=∑vi=1 xi yi,
−1, if Q KR ∼= x21 + y21 +
∑v
i=1 xi yi .
Here rad(Q KR ) means the radical of the bilinear form B(x, z) of the trace form Q (x) which is deﬁned
by
B(x, z) = Q (x) + Q (z) + Q (x+ z) for x, z ∈ F2n .
For given R(x) =∑hi=0 aix2i , we set
R∗(x) =
h∑
i=1
ai
(
x2
h+i + x2h−i ).
We write Λ(k) for Λ(Q KR ), Λ(2
n) for Λ(Q
F
22
n
R ) and r(k) for r(Q
K
R ). We also recall that (
2
m ) is the
Jacobi symbol.
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In his recent results Fitzgerald [1] calculated the values of r(k) and Λ(k) for Q (x) = Tr(x2a+1 +
x2
b+1). We mention one of those results which comes out very useful throughout this paper.
Theorem 1. (See [1, Theorem 1.5].) Let K = F2k , Q (x) = Tr(x2a+1 + x2b+1) where 0  a < b. Also set e =
(b − a,b + a) and v = max{v2(b − a), v2(b + a)} where v2(m) denotes the highest power of 2 dividing m.
Then
r(k) = dimrad Q =
{
(b − a,k) + (b + a,k) − (e,k), if v2(k) v,
(b − a,k) + (b + a,k), if v2(k) > v.
Our next theorem calculates N(Q ) for Q (x) = Tr(x2a+1 + x2b+1).
Theorem 2. Let K = F2k and Q (x) = Tr(x2a+1 + x2b+1) where 0 a < b. Then:
1. If k is odd, the number of zeros of Q in K is
N(Q ) = 2k−1 +
(
2
l
)
2
k+r(k)−2
2 ,
where r(k) = (b − a,k) + (b + a,k) − (e,k), l = Π p, p is the odd prime divisor of k with vp(k) +
min{vp(k),max{vp(b − a), vp(b + a)}} odd and e = (b − a,b + a).
2. If k is even. Let k = 2nm, m be odd.
(a) If b ± a is even then
N(Q ) = 2k−1 + Λ(2n)2 k+r(k)−22 , where
r(k) =
{
(b − a,k) + (b + a,k) − (e,k), if n v,
(b − a,k) + (b + a,k), if n > v
and v =max{v2(b − a), v2(b + a)}.
(b) If b ± a is odd then
N(Q ) = 2k−1 +
(
2
l
)
2
k+r(k)−2
2 ,
where r(k) = (b − a,k) + (b + a,k) and l = Π p where p is the odd prime divisor of k with
min{vp(k), vp(b − a)} +min{vp(k), vp(b + a)} odd.
Proof. We write k = 2nm, where m is odd and Q (x) is as above and vp(k) denotes the highest power
of p dividing k. Then we have the following result from Fitzgerald’s [1, Theorem 3.7] for Λ(Q KR ):
1. If k is odd then Λ(k) = Π( 2p ) over odd prime divisors p of k with vp(k)+min{vp(k),max{vp(b−
a), vp(b + a)}} odd.
2. If k is even and b ± a is odd then Λ(k) = Π( 2p )Λ(2n) over odd prime divisors p of k with
min{vp(k), vp(b − a)} +min{vp(k), vp(b + a)} odd.
3. If k is even and b ± a is even then Λ(k) = Λ(2n).
Now combining this result with Theorem 1 and using Eq. (1) we can get our result. 
We will use the following notations for the rest of the section.
S. Roy / Finite Fields and Their Applications 18 (2012) 894–903 897K0 =
{
x ∈ K : Tr(x) = 0},
Z = {x ∈ K : Q (x) = 0},
A = {x ∈ K : Q (x) + Tr(x) = 0}.
In the next few theorems we will be considering k, the degree of extension of K as odd positive
integer.
Theorem 3. Let K = F2k , k odd. If Q (x) = Tr(xR(x)) where R(x) =
∑
i x2
i
and R(x) is sum of even number
of terms (i.e. the number of i’s for which i = 1 is even), then Q W (1) = 0.
Proof. R∗(1) = 0 ⇒ 1 ∈ rad(Q ). Therefore, Q (x + 1) = Q (x) + Q (1) = Q (x) as Q (1) = 0. Now since
k is odd, Tr(1) = 1. Hence Tr(x + 1) = Tr(x) + 1. So exactly one of x, x + 1 has trace zero. Therefore,
|Z ∩ K0| = 12 |Z |. Now
Q W (1) =
∑
x∈K
(−1)Q (x)+Tr(x)
= |A| − ∣∣Ac∣∣
= |A| − (|K | − |A|)
= 2|A| − |K |
= 2
[
1
2
|Z | +
(
2k−1 − 1
2
|Z |
)]
− 2k
= 0. 
For Q R(x) = Tr(x2a+1), where (a,k) = 1 and k odd, Lahtonen, McGuire and Ward [3] showed
Q W (1) =
{
2
k+1
2 , if k ≡ ±1 (mod 8),
−2 k+12 , if k ≡ ±3 (mod 8).
The following lemma will help us to ﬁnd a generalization of this result.
Lemma 4. Let K = F2k , k odd. If Q R(x) = Tr(x2a+1), then
|Z ∩ K0| = 2k−2 +
(
2
l
)
2
k+r(k)−4
2
where r(k) = (a,k), l = Π p, p odd prime divisor of k such that vp(k) +min{vp(k), vp(a)} odd.
Proof. Here 1 ∈ rad(Q R) and k is odd. Therefore, Tr(1) = Q R(1) = 1. Q R(x + 1) = Q R(x) + 1 and
Tr(x+1) = Tr(x)+1. Hence Q R(x) = 0 and Tr(x) = 0⇒ Q R(x+1) = 1 and Tr(x+1) = 1. Therefore, |Z∩
K0| = |Zc ∩ Kc0|, where Z = Z(Q R(x)). From Theorem 2 and Q (x) = trK/F2 (x2
a+1 + x20+1) = Q R+x(x),
we get
∣∣Z(Q R+x(x))∣∣= |Z ∩ K0| + ∣∣Zc ∩ Kc0∣∣= 2k−1 +
(
2
l
)
2
k+r(k)−2
2
where r(k) = r(Q KR+x) = (a,k) + (a,k) − (a,k) = (a,k), l = Π p, p odd prime divisor of k such that
vp(k) +min{vp(k), vp(a)} odd. Hence the result follows. 
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Q WR (1) =
(
2
l
)
2
k+r(k)
2
where r(k) and l are as above.
Proof.
Q WR (1) = 2|A| − 2k
= 2
(
2k−1 +
(
2
l
)
2
k+r(k)−2
2
)
− 2k
=
(
2
l
)
2
k+r(k)
2 . 
For d = 2ta+12a+1 and f (x) = Tr(xd), where t is odd, Lahtonen, McGuire and Ward [3] evaluated f W (1)
under certain conditions. Our next theorem will generalize that result. We introduce the symbol χ(x)
for (−1)Tr(x) .
Theorem 6. Let K = F2k , k odd, a be such that (2k − 1,2a + 1) = 1. Let t be odd, and d = 2
ta+1
2a+1 . If f (x) =
Tr(xd) on the ﬁeld K , then
f W (1) =
(
2
l
)
2
k+r(k)
2
where r(k) = ((t − 1)a,k) + ((t + 1)a,k) − (a,k) and l = Π p, p odd prime divisor of k such that v p(k) +
min{vp(k),max{vp(ta − a), vp(ta + a)}} odd.
Proof. For c ∈ K , f W (c) =∑x∈K χ(xd + cx).
Replacing x by x2
a+1 [which is possible because (2k − 1,2a + 1) = 1], we get f W (c) =∑
x∈K χ(x2
ta+1 + cx2a+1). Therefore,
f W (1) =
∑
x∈K
χ
(
x2
ta+1 + x2a+1).
From Theorem 2
f W (1) = |Z | − (2k − |Z |)
= 2|Z | − 2k [Z = {x ∈ K : Tr(x2ta+1 + x2a+1)= 0}]
= 2
(
2k−1 +
(
2
l
)
2
k+r(k)−2
2
)
− 2k
=
(
2
l
)
2
k+r(k)
2
where r(k) = ((t − 1)a,k) + ((t + 1)a,k) − (e,k). e = (a(t − 1),a(t + 1)) = a(t − 1, t + 1) = 2a as t is
odd. So (e,k) = (2a,k) = (a,k) and l is the same as stated above. 
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and Ward [3] evaluated f W (0). In the next theorem we will see that the Walsh spectrum of f (x) is
precisely {0,± f W (0)}. For L(x) = x2i + x2 j , we write Ldn(x) = xi + x j .
Theorem 7. Let K = F2k , k odd and f (x) = Tr(x2a+1 + x2b+1), 0 a < b and (b−a,k) = (b+a,k) = 1. Then
f W (α) =
{
(−1)Tr(β2a+1+β2b+1+αβ) f W (0), if Tr(α) = 0,
0, if Tr(α) = 1
where β is an element in K of trace 0 satisfying α = β2a + β2−a + β2b + β2−b .
Proof. Consider β an element of K , which will be ﬁxed later.
f W (α) =
∑
x∈K
χ
(
x2
a+1 + x2b+1 + αx)
=
∑
x∈K
χ
(
(x+ β)2a+1 + (x+ β)2b+1 + α(x+ β))
=
∑
x∈K
χ
(
x2
a+1 + x2aβ + xβ2a + β2a+1 + x2b+1 + x2bβ + xβ2b + β2b+1 + αx+ αβ)
=
∑
x∈K
χ
(
x2
a+1 + xβ2−a + xβ2a + β2a+1 + x2b+1 + xβ2−b + xβ2b + β2b+1 + αx+ αβ)
= χ(β2a+1 + β2b+1 + αβ)∑
x∈K
χ
(
x2
a+1 + x2b+1 + x(L(β) + α))
where L(β) = β2a + β2−a + β2b + β2−b . Note: in the equation above we used the fact Tr(x2iβ) =
Tr(xβ2
−i
).
We claim:
1. L : K → K is linear.
2. Image of L is the elements of K with trace 0.
3. Ker(L) = {0,1}.
Proofs of (1) and (2) are simple but the proof of (3) requires some work.
Proof of (3): β2
a +β2−a +β2b +β2−b = 0 implies β2a+b +β2b−a +β22b +β = 0 by taking the power 2b .
Now we can show that γ (x) = x2a+b + x2b−a + x22b + x = 0 has only two solutions x = 0,1 in K .
γdn(x) = x2b + xb+a + xb−a + 1. It is suﬃcient to show that (γdn(x), xk + 1) = x+ 1.
γdn(x) = (xa+b + 1)(xb−a + 1) and from (b − a,k) = (b + a,k) = 1 we get (γdn(x), xk + 1) = x + 1.
Hence Ker(L) = {0,1} and K/Ker(L) ≡ Im(L) ⊂ K0 implies Im(L) = K0 as | Im(L)| = 2k2 = 2k−1 = |K0|.
Therefore, if Tr(α) = 0, then there exists β in K such that α = β2a + β2−a + β2b + β2−b .
So
f W (α) = χ(β2a+1 + β2b+1 + αβ)∑
x∈K
χ
(
x2
a+1 + x2b+1)
= χ(β2−a+1 + β2−b+1)(2
k
)
2
k+1
2 .
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k−1
2 . Therefore
∑
x∈K
χ
(
x2
a+1 + x2b+1)= N( f ) − (2k − N( f ))
= 2N( f ) − 2k
= 2k +
(
2
k
)
2
k+1
2 − 2k
=
(
2
k
)
2
k+1
2
and α = β2a + β2−a + β2b + β2−b ⇒ αβ + β2a+1 + β2b+1 = β2−a+1 + β2−b+1.
Now if Tr(α) = 1, then Tr(α + 1) = 0, since k is odd, Tr(1) = 1. So there exists β in K such that
α + 1= β2a + β2−a + β2b + β2−b and we have
f W (α) = χ(β2a+1 + β2b+1 + αβ)∑
x∈K
χ
(
x2
a+1 + x2b+1 + x)
= 0
as
∑
x∈K χ(x2
a+1 + x2b+1 + x) = f W (1) = 0 by Theorem 3. 
The function f (x) = Tr(x2a+1 + x2b+1) is a bent function on some subset of K with the same
restrictions on a and b. For a bent function g the dual bent function g∗ : F2k −→ F2 is deﬁned by
gW (a) = (−1)g∗(a)2 k2 .
Corollary 8. Let K = F2k , k odd and f (x) = Tr(x2a+1 + x2b+1), 0  a < b and (b − a,k) = (b + a,k) = 1.
Then f |K0 is bent and the dual bent function is given by
( f |K0)∗(α) =
(
2
k
)
(−1)Tr(β2−a+1+β2−b+1)2 k−12
where β is the unique element in K0 such that α = β2a + β2−a + β2b + β2−b .
Proof. Let α ∈ K0. We have
( f |K0)W (α) =
∑
x∈K0
χ
(
x2
a+1 + x2b+1 + αx)
= χ(β2a+1 + β2b+1 + αβ) ∑
x∈K0
χ
(
x2
a+1 + x2b+1 + x(L(β) + α))
where L(β) is just like in Theorem 7. Since α ∈ K0, we can choose β such that L(β) = α. Also α =
β2
a + β2−a + β2b + β2−b ⇒ αβ + β2a+1 + β2b+1 = β2−a+1 + β2−b+1. Therefore
( f |K0)W (α) = χ
(
β2
−a+1 + β2−b+1) ∑
x∈K0
χ
(
x2
a+1 + x2b+1)
=
(
2
k
)
(−1)Tr(β2−a+1+β2−b+1)2 k−12
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∑
x∈K0
χ
(
x2
a+1 + x2b+1)= |Z ∩ K0| − (2k−1 − |Z ∩ K0|)
= 2|Z ∩ K0| − 2k−1
= |Z | − 2k−1 as 1
2
|Z | = |Z ∩ K0|
= 2k−1 +
(
2
k
)
2
k−1
2 − 2k−1
=
(
2
k
)
2
k−1
2 . 
So far we have discussed the cases when the degree of extension k is odd. Considering the cases
for k even is little harder. In the next few theorems we will discuss generalizations of some results
on Gold, Kasami–Welch functions when k is even.
Theorem 9. Let K = F2k , k = 2nm, where m is odd. Also set Q (x) = Tr(x2a+1). Then
1. if a is even
Q W (1) = Λ(2n)2 k+r(k)2
where
r(k) =
{
(a,k), n v2(a),
2(a,k), n > v2(a);
2. if a is odd
Q W (1) = 2 k+2(a,k)2 .
Proof. If a is even, from Theorem 2, we get
|A| = |Z ∩ K0| +
∣∣Zc ∩ K0c∣∣= ∣∣Z(Q R+x(x))∣∣= 2k−1 + Λ(2n)2 k+r(k)−22
where r(k) = r(Q KR+x) and Λ(2n) = Λ(Q F2nR+x). So
Q W (1) = 2|A| − 2k
= Λ(2n)2 k+r(k)2 .
Also if n v2(a), then r(k) = (a,k)+ (a,k)− (a,k) = (a,k) and if n > v2(a), then r(k) = (a,k)+ (a,k) =
2(a,k).
If a is odd, from Theorem 2, we get |A| = 2k−1 + ( 2l )2
k+r(k)−2
2 , where l = Π p where p is odd
prime divisor of k with min{vp(k), vp(a − 0)} + min{vp(k), vp(a + 0)} odd, which is not possible. So
Q W (1) = 2 k+r(k)2 as in this case ( 2l ) = 1. Also r(k) = (a,k) + (a,k) = 2(a,k). 
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|Z ∩ K0| = 2k−2 + Λ
(
2n
)
2
k+r(k)−4
2
where
r(k) =
{
(2a,k), if n v2(2a),
2+ (2a,k), if n > v2(2a).
Furthermore, if (a,k) = 1 then
|Z ∩ K0| =
{
2k−2 + Λ(2n)2 k−22 , if n = 1,
2k−2 + Λ(2n)2 k2 , if n > 1.
Proof. Here we follow the same technique used in [3]. We need to ﬁnd the number of x ∈ K such
that Tr(x) = 0 and Tr(x2a+1) = 0. For such x, we can write x = y + y2 and x2a+1 = z + z2. Then
x2
a+1 = (y + y2)2a+1 = (y + y2)(y2a + y2a+1)= y2a+1+2 + y2a+1+1 + y2a+2 + y2a+1.
Set u = z + y2a+1 + y2a−1+1. Then u2 + u = y2a+1+1 + y2a−1+1. Consider Q (y) = Tr(y2a+1+1 + y2a−1+1)
as quadratic form with (a + 1) ± (a − 1) even for all a > 0. Then we can ﬁnd the number of zeros of
Q (y) using Theorem 2. Tracking back to get the number of x we divide this number by 2 and hence
|Z ∩ K0| = 2k−2 + Λ
(
2n
)
2
k+r(k)−4
2
where
r(k) =
{
(2,k) + (2a,k) − (e,k), if n v2(2a),
(2,k) + (2a,k), if n > v2(2a).
But (2,k) = 2 and e = (2,2a) = 2. So
r(k) =
{
(2a,k), if n v2(2a),
2+ (2a,k), if n > v2(2a).
If (a,k) = 1, then
r(k) =
{
2, if n = 1 as v2(2a) = 1,
4, if n > 1.

In the next theorem we are considering R with two terms.
Theorem 11. Let K = F2k , where k is even. Also f (x) = Tr(x2a+1 + x2b+1), 0  a < b and (b − a,k) = 1 =
(b + a,k). Then
f W (α) = (−1)Tr(β2a+1+β2b+1+αβ) f W (0) if Tr(α) = 0
where β is an element in K (not necessarily of trace 0) satisfying α = β2a + β2−a + β2b + β2−b .
S. Roy / Finite Fields and Their Applications 18 (2012) 894–903 903Proof. We proceed like Theorem 7. Here
f W (α) = χ(β2a+1 + β2b+1 + αβ)∑
x∈K
χ
(
x2
a+1 + x2b+1 + x(L(β) + α)),
where L(β) = β2a + β2−a + β2b + β2−b and from the proof of Theorem 7 we know that Im L = K0. So
if Tr(α) = 0, there exists β ∈ K such that
α = L(β) = β2a + β2−a + β2b + β2−b .
So
f W (α) = χ(β2a+1 + β2b+1 + αβ)∑
x∈K
χ
(
x2
a+1 + x2b+1)
= (−1)Tr(β2a+1+β2b+1+αβ) f W (0). 
Remark. If we can ﬁnd an expression for f W (α) when Tr(α) = 1, we can complete the above theo-
rem.
Acknowledgment
I would like to thank my advisor, Dr. Fitzgerald for his valuable assistance and advice leading to
writing this paper.
References
[1] R. Fitzgerald, Invariants of trace forms over ﬁnite ﬁelds of characteristic two, Finite Fields Appl. 15 (2009) 261–275.
[2] R. Gold, Maximal recursive sequences with 3-valued recursive cross-correlation functions, IEEE Trans. Inform. Theory 14
(1968) 154–156.
[3] J. Lahtonen, G. McGuire, H.N. Ward, Gold and Kasami–Welch functions, quadratic forms and bent functions, Adv. Math.
Commun. 1 (2) (2007) 243–250.
[4] R. Lidl, W. Niederreiter, Finite Fields, Encyclopedia Math. Appl., vol. 20, Cambridge University Press, Cambridge, 1997.
